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Multiva riate Statistical  Analysis

2 Statistical theory, metho ds, algorithms, etc.
for simultaneous study of more than one vari-
able

2 Descriptive statistics and graphical represen-
tation

2 Inference problems similar to univa riate
¥ based on the multiva riate normal

2 Study of relationships between variables and
‘nding structure

2 Problems of combining variables and dimen-
sionalit y reduction



Multiva riate No rmal Distribution

Notation : X s N (%; ¥£) univariate normal
X : p-column vector
X » Np(?;8) multiva riate normal

Reasons for studying Multiva riate Normal :
1. p-variate generalization of univariate normal;

2. same reasons as for univariate normal in univariate
analysis;

3. multiva riate central Ilimit theo rem;
4. robustness of some procedures;

5. theory and metho ds analogous to univariate based
on N, liket and Hotelling's T2, ANO VA and MANO VA:

6. not many other multiva riate mo dels;
7. mathematically tractable and elegant;

8. similar parameters{mean vector ', covariance ma-
trix §.



Biva riate No rmal

Let
X T = (X1;X2);

X s No(1:8);
1] 3 3 #
2T (1.1 8 = 741 Y12
(t1;%2); 8 Vo1 Yoo

with %4> = ¥p,. 8 is non-negative de nite.
Let

Y§ = Va1, Y= Yao
Correlation coezxcient
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N, Densit y:f (xq1;x2) = (if 8§ is p.d.)

nl ei m[( Xlsi/ill)Zi 21/( Xlzi/ill)( Xz;ﬁlz)+( Xzai/le)z]

2VaYe (1 YB)

(X1;X2) 2 <?
If (X1;X2) s N2 then
X1;X2 independent () %= 0
In general %= 0 does not imply indep endence



Biva riate No rmal Densities
t1=12=0/%1= ¥ =1
= 0:5;

= 0;

o= 0:5;




In N> density, term inside the exponential is
1 .
SO )BT )

and constant is % where p= 2:
This is the form of N, density:

1 .
5 _ex f: “(x ;i 1 T§|1 X i 1
le/pj§jz pfi 2( i 1) (xi 1)g

if § is strictly p.d. (it has anyway to be n.n.d., being a
covariance matrix). Indeed, x;! are p-vectors and § is
a nonsingula r (symmetric) p£ p matrix. The term

Q= (xj *)T8 *xi 1)
is a positive-de nite  quadratic form.
2 Q is covariance-matrix adjusted distance of x from 1
2 Larger this distance, smaller is probabilit y density
2 densit y decreases exponentially with square of distance
You can dene Njp by this density and investigate its
prop erties.
An alternative  and elegant way is to use the follo wing
de nition
A random p-vecto r X is said to be multiva riate normally
distributed if 8 p-vecto rs 7, *TX has a univariate normal
distribution (or is a constant). This de nition makes
sense even if 8§ is singular.



Prop erties of Np:

1.

2.

8 is the (symmetric) matrix of variances and co-

If variance-cova riance matrix (also called simply co-
variance matrix or dispersion matrix) is singular,
above density does not hold, but the alternative
de nition still holds. For instance, if X, » N (0;4),
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singular, but all linear combinations are of the form
a+ bX for constants a;b and hence are univariate
normal. (X;3X + 2) is bivariate normal by alterna-
tive de nition.

then (X;3X + 2) has covariance matrix

The covariance matrix is singular (multiva riate nor-
mal or not) with linear dependence of columns given
by 8 = 0, i® X ' is a constant (degenerate ran-
dom variéble) (deterministic  linear dependence of
variables). In such cases, by removing deterministi-

cally dependent comp onents, 8§ of remaining com-
ponents can be made nonsingula r.

Near-singula rity of covariance matrix is a computa-

tional and conceptual problem. Some explorato ry
metho ds detect this problem. Some metho ds (e.g.,
ridge regression) overcome this problem.

Let us deal only with nonsingula r §.



10.

11.

Let X s Np(*;8);A, KE£ p matrix, c¢2 <X. Then
Y = AX + c» Ny (A! + c;A8AT)
[If k> p, then A§AT is singular.]

8 diagonal means X1;X2;:::;Xp are indep endent random vari-
ables.

X » Np(Q;lp) means X;X3;:::Xp are indep endent standa rd
normal variables.

Let X » Np(*;8). Then
§12X » Np(§8171;1p)

Y = §13(X i 1) » NpO;lp)

Ma rginal Distributions : All marginal (1-dimensional and q<
p-dimensional) are (multiva riate) normal. That is, if you par-
tition i ; _
« 3 h g g |
_ 1. 1 = 1. — 11 12
X X2 1, 8 821 82

analogously as g and pj q dimensional vectors and matrix
(note that §,1 = §1,), then

X1s Nq(11;§11); X2s Nq(12;§22)

Under the above (multiva riate normal) set-up, X 1 and X ; are
indep endent i® 8§15 = 9 that is all covariances are zero.



Conditional Distributions and Regression

12. (X sz 1 = X1) S N (1 2:1) 8 22;1), where
Logy = 1o+ 82180 (Xai 1 1); 8221 = 8221 §218118 1
[Notation:  AjB stands for event A conditional on
event B; also used as XjY = y for variable X given
variable Y = y.]

(@)
(b)
(€)

(d)

(€)

(f)

(9)

if 8 is nonsingula r, so is 8 11.
this conditional expectation is linear in Xj.

regression being de ned as conditional expec-
tation, this shows that under multiva riate nor-
malit y, (multiple) regression of any subset of
variables on the others is linear.

this linear regression formula is exactly the same
as what you obtain by the least-squa res crite-
rion.

P= 2, (X2jX1= x1) S N(To+ "1x1; %1 i %)) ;

where 1 = Z% and o = 1, 114, the well-
known formulas for (least-squa res) simple linear

regression.

conditional covariance matrix does not depend
on Xj.

These results justify linearity and homoscedas-
ticit y (common variance) assumptions in the
multiple linear regression mo del.



2 conditional
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Linear Regression
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Mo re Prop erties

1.

[We know: if X s N(0;1), then X2 s A?(1)]

¢2(X) = (X i )T8IY(X j 1) = Y'Y s Ap),
being sum of squares of p indep endent N(0,1)'s by
(9) above

Sample (of size n) mean vector X and sample sum
of squares and products matrix S are indep endently
distributed.

X s N(*;1§)

Ss Wp(nj 1;8) W is called the Wisha rt distribu-
tion, the multiva riate analog of the A? distribution|
we shall not discuss it here.

For N (% %), Student's t statistic based on a sam-
ple of n with mean X and sample (mean-co rrected)

sum of squares S? is t = p*‘ - extended to
S= n(nj 1)

Hotelling's

T2= (X 1)Tsii(X i)
Analysis of Variance (ANO VA) which decomp oses
observed variation into its comp onents is analo-

gously extended to Multiva riate Analysis of Variance
(MANO VA)

11



Estimation of Np(!;8) parameters

Data matrix: n£ p matrix U with row and col-
umn names as indicated.

2Y1# Yo# .. Yp#3
X1 X11 X192 i le
X2! §X21 Xoo 11 szz
Xn! Xn1 Xnp2 i Xnp

12



X = (Xq;X5;:::;Xp): Sample mean vecto r;
S = ((Sjj)): Sample (mean-co rrected) Sum of
Squares and Pro ducts Matrix

Sij = (Xi i Xi)(X ixj)_YTlenXXJ1
=1
;] = 1;2;::5;p
X X
S= " (X i X)X i X)T = X-XTinkx!
=1 =1
= uTu; nx X'

Analogs of Univariate Normal:

2 ﬂ( unbiased estimate of !

2 n 7S: unbiased estimate of §

2 X S suxcient statistics for ;8§ [In a sense,

these statistics contain all the information In

13



Maximum Lik eliho od Estimation of 1;8: Rao (1973)
Densit y:

e g 1 :
(237 P28 expli Jtrf8TH(xi 1)(xi 1) gl

Joint density of observations (but for constant
not involving parameters), which is the likeli-
hood function in terms of parameters:

o 1 X
L = 81" 2exp[i Etrf§'1 (X~i D) x-j 1) 'q]
=1
X
(X 1) (xj 1)T
=1

X

(X7 ))(xi X)T+n(ki 1)xit)!
=1

= S+ n(ki *)xj )T
rf8i(xi 1) xi t)'g
= rf§11Sg+ ntrf8iN(xi )% *)g

XX
= %’Sij+n(§(i1)T§il(§(i1)
i=1 j=1
where 8§11 = ((3)).
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XX

. 1 . .
ogL = Zlogjsfi 5 ASii S(xi )8k )
=1 j=1
(A)
n el 1><p x 3/l .1 .1
= §|OQJ§ i 5 7 [Si + n(kii T (X0 )] (B)
=1 j=1

Di®erentiating (A) w.r.t. 1 leads to

§il(;(i1): O) ;(:1) ¥ = 1 (C)

Di®erentiating (B) w.r.t. ¥ leads to

n @8] . .
5L @ [Si + n(xii (% i )] (D)
i1 y
@§M = cofacto rof % in §it

n @' _ ..
5 1j @ = Nn¥% (E)

Equations (C), (D) and (E) lead to

§= s
n
a slightly biased estimate as in the univariate
case.

15



To show the solution is actually a maximum: log L at
the estimated value is:

h XX

DlognP+ Dlogjsitj; 2 SURSY
2 2 2.
=1 i=1
n n,_ ... np
= —lognPi —logjSji —
5109 n"i Sloglsli

The di®erence between this and log L at an arbitra ry
value is shown below to be , 0, showing that log L is
maximum at this solution. This di®erence is:

n jinilsj np 1 -
i —| i + trf§ S+ n(X j )X )T
i 5 log 8 | 2 2f§ [ n(X i )X i?t)']g
n jinilsSj np 1 -
iy + Zr(§11S
n
= Slilog(ha, 205, p) i P (Lot 2% ciit p)] (F)

where | 1;,2;::1;, p are eigenvalues of S§ 1. [The i's
are positive with probabilit y 1, since they are eigenvalues
of positive denite matrix] Since for any nonnegative
;X - il orjlogxi 1+ x- 0 the quantt y inside []
in (F) above is I (i log,ii 1+ ,i), O, (see Tgure
on next page) implying left-side of (F) is , O.

Hence X ;%S are indeed MLEs of ;8 respectively .

16



Graph of j logxj 1
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Statistical or Standa rdized Distance

2 X s N(0;1)

¥ Point 3 is at distance of 3 s.d. from O;

¥ Prob(0 < X < 3) = 0.4987

2Y s N(0;9),

¥ Point 3 is at distance of 1 s.d. from O;

¥ Prob(0O <Y < 3) = 0.3413

2 Statistically 3 is closer in the second case
than in rst

2 since it is closer in s.d. units; and

2 equivalently , it is probabilistically closer.

2 If variance is larger, points at same Euclidean
distance are statistically nearer.

0.4

0.3

0.1

0.0
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N

Correct for varying s.d.

standa rdize variables; %s N (O;1)

point 3 in new scale 3= 1

statistical distance in second case:

¥ Prob(0O < X <1) = 0.3413

2 Point at Euclidean distance of y from O in
case of s.d. %is at statistical distance 2’74.
2 Squared statistical or standa rdized distance
between y1;y> under s.d. %

N N
W W

N

(yii v2)(¥)1 Yy1i y2)
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Statistical Distance between two vecto rs:
2 p-vecto rs Xq;X2, under a covariance matrix
§

2 if 8 = | p, then unco rrelated

(under multino rmalit y, also indep endent)

2 Euclidean distance is a reasonable distance
2 If § is diagonal with elements ¥#, then

¥ Euclidean distance based on standa rdized
comp onents is a statistical distance

2 Then squared distance is

D?(x1;x2) = (x1i x2)"81 Y(x1i x2)

2 If the comp onents are not indep endent, cor-
relations 6 0

¥ how to adjust for correlations?

2 Transfo rm X with nonsingula r 8§ to unco rre-
lated

Y = 812X s (817211

20



2 Using Euclidean distance on Y gives D2(y1;Y2)
= (y1i ¥2) ' (Y1i ¥2)

= (x1i X2)"81 Y (x1i x2) = D?(x1;x2)

2 This is Mahalanobis D ?

2 Adjustment depends only on the covariance
matrix

2 Used whether the distribution is multino rmal
or not

2 In Np density, the term (with a negative sign)
In the exponential, which is a quadratic form

D2(x;t) = (xi Y)T8 Hxi v);
the Mahalanobis Distance of x from the mean
vecto r (centroid)
2 Larger this distance, smaller is probabilit y
densit y;
2 density decreases exponentially with square
of distance
2 Mahalanobis distance is used
¥ in classi cation problems
¥ in assessing multiva riate normalit y

21
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Scatterplots

(a) correlation +0.8

B

of bivariate normal, centroids (1, 2), (3, 1)

-6

2

(b)

correlation

-0.8

X2

-6

%
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Mahalanobis Squared Distance between (1,2) & (3,1)
and (1,2) & (3,-1)
% D2((1;2);(3:1) = $5° DA(1;2):;@:i 1) = T~

1; 1
0.8 5.000 | 9.444
05 4.000 9.333
0.0 5.000 13.000
0.5 9.333 25.333
0.8 22.778 62.778

2 p.d. §i1induces inner product
2 Mahalanobis D? induced by this inner pro d-

uct
2 Mahalanobis angle between Xx1;X» could be

de ned

2 |n classi cation problems Mahalanobis D? be-
tween two populations

2 with common covariance matrix 8

2 Mahalanobis distance between centroids (mean
vectors 1 4;15)

D%= (L1i L, 811 5 1y

23



THE CLASSIFICA TION PROBLEM

Cluster Analysis (Unsup ervised Pattern Recog-
nition)

2 Inherent or natural grouping of cases in the
data set

2 Hierarchical (tree) or one-level grouping

2 No prior knowledge of grouping or even num-
ber of groups

Examples

1. Taxonomy of °ora and fauna (Linnaeus, 1707{78)
¥ kingdom, (phyla), classes, orders, families, genera, species
2. Classication of books in a library (Dew ey-decimal)
3. Medical science: Classi cation human diseases
4. Classi cation of celestial objects

¥ stars, galaxies, nebulae

24



Discriminant Analysis (Sup ervised P attern
Recognition)

2 Grouping already known
2 Data: On each case, measurements X and group index z
2 QObjective:

¥ Develop a formula for identifying a new case with

¥ observation Xx into one of k groups

2 Criterion: Overall loss (chance of misclassi cation)  minimum

Examples

1. Is this orange tree manda rin or tangerine?

2. Does this book by Babu{Fiegelson go into the Astronomy or
Statistics shelves?

3. Is this case a schizophrenic, neurotic, hysteric or paranoid?

4. Is this celestial object a star, a galaxy or a nebula?

Object : To develop a metho d of identifying a new case X into one

of the k groups, using training data containing protot ypes of cases

25



Some astronomical applications

2 Variable vs nonvariable stars
2 Galaxies vs stars
2 "Classi cation  of 39 new variable stars with spectral
type between A2 and F8 discovered by Hippa rcos with
the aim of nding new °Doradus stars" (Aerts et al.,
1998) using the follo wing variables:

¥ Geneva color B2-V1

¥ Geneva Y index

¥ Geneva Z index
2 Training Data: Geneva data on above for

¥ known bona de °Dor stars (6)

¥ xScuti stars (107)

¥ variable CP stars (23)
2 Develop a formula (discriminant functions)
2 Use Geneva data on each of 39 new variable stars
2 Apply discriminant functions to put them into one of
the 3 classes
2 Aerts et al. identied 14 of the 39 as °Dor
2 Handler (1999) found 70 new °Doradus by discrimi-
nant analysis

26



Basics of Discriminant Analysis
2 Measurements used X

2 First consider the case where we know k and
the distributions F;(x) of X in groups 1= 1;2;:::;kK

2 Also needed: p;, proportion of elements in
group |

2 Discuss later how to estimate Fj;p;

27



A simple example:

2 p= 2;X1;X2 both binary

2 2 Groups A and B

2 Supp ose we know the distribution of X =
(X 1;X»2) under each group as follo ws:

[Recall notation AjB for \ given B"]

X1 X2 P(xXjJA) P(xjB) Identify as

O O 0.25 0.4 A
0O 1 0.25 0.05 A
1 O 0.45 0.05 A
1 1 0.05 0.5 B
Prio r 0.8 0.2

2 Where will you classify a future case with
(1,007 A or B?
2 What is a suitable criterion?
2 Question: Given X = X, what Is the proba-
bilit y of A? of B?
2 Conditional probabillities
P(AjJX = X);P(BjX = X) needed
2 We are given P(xjA);P(x)B)
2 Apply Bayes Theo rem
28



Bayes Rule or Bayes Theo rem :

P(m\ X = x)

P(mjX = X) = P (X %)

But given P(X = Xjm),
P(m\ X = x)= P(X = xym) £ P(m)

P(X = X) = . P(X = xjm) £ P(m)

2 Needed: P(m) Prio r Probabilities

2 P(mjX = x) called Posterio r Probabilities
or Inverse Probabilities

2 Bayes Theo rem of Probabilit v:

P(m\ X = x) = XP(X = Xjm) £ P(m)
P(X = xjm) £ P(m)

m
2 If X is continuous the above formula holds
with P(X = Xj:) replaced by density f (xj:).

29



Discrimination with a continuous variable:
XjA's N(La;%);X|jB s N(tg;%)

2 priors equal.

2 Then classify x according to the larger of
f (xjA) and f (xjB).

2 Comparing log f (xjJA) and log f (xjB) we see
that:

2 classify corresp onding to shorter of (Euclidean)
distance of x from 1, and 'pg.

2 If (XjA)s N(La:%8);(X]B) s N(*g;%).

2 priors equal

2 then the comparison is on the basis of a
guadratic in X.

2 See gures and next page.
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2 Tw o normal groups with means 1! 1;! -, vari-
ances ¥£; ¥%
2 Equal priors
2 Log likeliho od of x in group 1 is
12 1

log Lj = j %[Iog Yy + %+ ? 2%]
2 |f 3% = ¥p, x2 cancels in log L1j log Lo, lead-
ing to
2 Linear rule: Classify x in group 1 1if xj 11<
Xij 1o
2 If ¥£ 6 ¥8, x> does not cancel in
log L1 i log Lo which is
2 a quadratic in x with roots a and b, leading
to
2 a quadratic rule: Classify x in group 2 if x < a
or X > Db,
and in group 2 otherwise.
2 14 = 0;19 = 2;% = 1;¥% = 3 leads to
8x2+ 4x+ 4 18log 3
See gures.
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Normal distributions

(&) same variance

with di®erent means

(b) di®erent variances

04 ——
Q\“‘.\ i
Sy .
03l ; 4.’@9 i
| / o
I b
- 02| L0 _
01k 3 y
0.0 2N |
8 3 2 7 12
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Discrimination with several continuous variables:

Let us assume that (X jA) S Np(*,;8) and (X]jA) s
Np(? o;8) in the groups A and B respectively . Priors:
Pa;Ps;Pa+ ps = 1.

Bayes Rule: Compare pafa(x) and pgfg(X) or log pa +
log fa(X) and log pg + log fg(X) To compa re tak e di®er-
ence between

1 |
0g pai (X i 1)T8 N (x i 1y) (G1)
1 |
log ps i E(X i 1,)T81 N (xi 1y (G2)
leading to
dx) = log P2 Tppgite 1,800 ,04 xTEINE, | 1]
Ppe 2

which is of the form o+ 1x a linear function of x; more
precisely

constant + x '8§i1(t i 1,)
This is the well-kno wn LINEAR DISCRIMINANT FUNC-
TION (LDF). Fisher derived it as the solution to a linear
function of X, say y = *Tx which maximizes the ratio:
between group sum of squares in y

within group sum of squares in y

33
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Unkno wn P arameters

2 Supervised training sample
2 Estimate parameters; plug in
2 Prior prob can be estimated if
¥ random sample from the mixture
¥ else, external estimate
¥ soft ware choices:
equal, data based, user-sp eci ed
2 Loss unequal, Ljj:
loss if actual i, classied |
¥ minimize expected loss
¥ still linear for equal covariance

35



Training Samples: Data on p measurements X
on n cases, together with supervisor classi ca-
tion of each case into one of k groups

Group

2Y1# Yo # . Yp#3
74 Xl' X11 Xq2 i le
2, X, §X21 Xoo 11: szz
. X.n' Xn1 Xp2 i an

Use estimates (say, MLE) of 1;;8; or common
8 ;

use estimates of p; if estimable from data or
from external sources

36



Mahalanobis Distance and LDF:

2 second term in (G1) is Mahalanobis D?2(x;?!)
2 Similarly (G2)

2 for equal prior probabilit y log pa;log pg can
be igno red

2 compa rison on the basis of D?

2 classify an object with X into group whose
centroid (mean vector) is closer

2 similar to univariate normal

2 same principle and metho d holds for k groups;
¥ compa rison of posterio r prob

¥ common covariance: linear functions

2 unequal covariance: quadratic discriminant
function

37



Erro r Rates

2 How good is the classi cation?

2 Conditional error rates; Apparent error rate:

¥ apply develop ed formula to data set

¥ compute prop ortion of misclassi cation

¥ group-wise (conditional);

¥ overall (appa rent)

¥ favorably biased to the metho d

¥ classi cation table in computer output

2 Split data into two halves; develop with one, test with
another

2 Jackknifed error rate: leave-one-out metho d

2 Bootstrap error rate

2 Theo retical error rate for two normal distributions with
means ! ;! , ,with same covariance matrix 8§ with equal
priors is ©( j %¢) (©: standard normal CDF; ¢. Maha-

lanobis distance between the two mean vecto rs).

Simila rity to Regression
2 Same problem, but for qualitative dependent

2 Robust extensions

38



IDENTIFICA  TION OF HY ADES WITHIN
HIPP ARCOS ST ARS:
Application of Discriminant Analysis

Object: To develop a formula to identify Hyades
iIn Hippa rcos

Variables used: RA, DE, PMRA, PMDE
Training Set: HIP star dat, with an extra col-
umn of 0 NONHY ADES, 1: HYADES
Supervisor: Eric Feigelson (who identied 114
of them as Hyades)

39



Here is what Professo r Feigelson says:

\ | have compa red this to the published list
of Hyades cluster (here | mean the \Hy ades
star cluster') memb ers from Perryman et al.
(1998); see

http://astrostatistics.psu.edu/
datasets/HIP_star.html

for access to this paper. Using the Vizier online
archive, | found the HIP numb er (rst column
of HIP star.dat of Perryman's cluster memb ers
adding the constraint that 20 < PLX < 25
which de ned our 2719 Hippa rcos dataset.

The e gives Perryman's 114 HIP numb ers,
and an indicato r | added including the 92 which
were in David Hunter's heuristic sample. The
agreement is EXCELLENT!  We missed some
because of our RA and DE cuts, and we didn't
have any memb ers Perryman's omitted. I'm
very happy with this agreement."”
40



Befo re analysis, we explore the data with a few multi-
variate plots (Wilkinson, 1999).

2 displays of multiva riate datalall dimensions

2 each observation a line or function across display

2 useful for detecting clusters, outliers, test signi cance
2 > 2 dimension need special technigues

Andrews's  Fourier Plot : For each multiva riate obser-
vation X = (X1;X2;:::;Xp) consider a function fx(t) =

P~ : :
X1 2+ Xzsin(t) + xzcos(t)+ xgsin2(t)+ Xscos(2t)+ :::;

t ranges from | ¥{j 3:142) to Y{(3:142) (% radians on
either side of 0)

2 preserves distances; linear

2 each observation consists of one line across display

2 a set of waveforms with sine and cosine comp onents
for each X;

2 a waveform for each case

2 similar cases have similar waveforms

2 di®erent cases have contrasting waveforms

2 Fourier plot shows distinctness of the two groups

41



Parallel Co ordinate Displa vy:

2 One scaled horizontal axis for each variable

2 Each observation is represented as unbroken series of
line segments which intersect horizontal axes

2 Points are then connected using line segments

2 Result is a \signature" across p dimensions for each
observation

2 Simila r observations share simila r signatures

2 Clusters and group di®erences can be discerned

2 Associations and correlations among variables can be
visualized

2 Tw o related variables will be connected by parallel line
segments

2 Numb er of crossings of line segments is directly related
to correlation coezxcient

2 Display shows distinctness of the two groups

42



In both the plots, the Hyades group exhibit
patterns in the middle of the plots. We exam-
Ine the implications of this later.

Andrews's Fourier Plot

Fourier Components

Degrees

Parallel Coordinate Display

1000

0
[11]
=
£
1000
INDE
—— 000000
-2000 ' ' w4 00000
R, DE PR PMDE

[ndex of Caze
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RESUL TS OF LINEAR DISCRIMINANT  ANAL YSIS
USING RA, DE, PMRA, PMDE

(with  some annotation)

2 below is a typical output from a software (with our
annotations)

2 the sample mean vecto rs for the groups follo wed by a
test of signi cance of di®erences between them, using
Hotelling's T2 and its F distribution

2 the two groups are highly signi cantly di®erent

For prior probabilities we used the sample prop ortions,

: . 2605 . 114
viz., NONHY ADES: 5710 HY ADES : 519

Group frequencies
NONHYADES HYADES
2605 114
Group means
NONHYADES HYADES

RA 178.15341 66.04449
DE 2.83470 16.56296
PMRA 0.73344 111.46579
PMDE -65.52675 -27.72886

[Considerable di®erence in the means, conrmed by the
follo wing Hyp othesis T est]
Bet ween groups F(4,2717). 59.14502 p-value=0.0000
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Classi cation functions

NONHYADES HYADES

CONSTANT -1.59435 -3.92643
RA 0.01630 0.00599
DE -0.00483 0.03230
PMRA 0.00122 0.00496
PMDE -0.00324 -0.00091

[Co etcients for the two linear functions o+ 1RA +

»>DE+ 3sPMRA+ 4PMDE]

Classification matrix
(cases in row categories classified into columns)
NONHYADESHYADES %correct

NONHYADES 2570 35 99
HYADES 114 0 0
Total 2684 35 95
Jackknifed classification matrix
NONHYADES HYADES %correct
NONHYADES 2570 35 99
HYADES 114 0 0

Total 2684 35 95
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RA, DE are the main discriminato rs.
Scatterplots of RA, DE in di®erent colors for
the two groups

DE

INDEX

< 0.00000
= 1.00000

1] 100 200 300 400
R

The Hyades stars are in the center of the scat-
terplot.
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2 All Hyades stars have been (mis)classied as
NonHa ydes

2 Reason: Prior probabilit y for NonHy ades is
very large

2 Plots Indicate quadratic nature of discrimi-
nant function

2 Try Quadratic Discriminant Analysis

2 Same prior as before
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Results of Quadratic  Discriminant Analysis

Group NONHY ADES Quadratic discriminant function coezxcients

RA DE PMRA PMDE
RA -0.00004
DE 0.00002 -0.00104
PMRA -0.00000 -0.00000 -0.00002
PMDE -0.00000 -0.00002 0.00000 -0.00002

[The diagonal are coezxcients of (RA)?, etc.
The o®-diagonals are coezxcients of (RA)(DE), etc.]

Linear 0.01562 -0.00463 0.00117 -0.00310

[These are coezxcients of the linear terms of RA, DE, PMRA,
PMDE]

-19.34770
[This is the constant term]

Group HYADES Quadratic discriminant function coezxcients

RA DE PMRA PMDE
RA -0.12213
DE -0.06303 -0.22389
PMRA -0.02544 -0.01143 -0.00678
PMDE -0.01927 -0.06477 -0.00350 -0.02158
Linear 22.82360 14.69899 5.05737 4.27297
Constant -1107.89539
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Classi cation matrix (cases in row catego ries classi ed
into columns)

NONHYADESYADES3Acorrect

NONHYADES 2603 2 100
HYADES 6 108 95
Total 2609 110 100

Jackknifed classi cation matrix

NONHYADES HYADES %correct

NONHYADES 2603 2 100
HYADES 6 108 95
Total 2609 110 100

2 Much improved classi cation
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HOW TO IDENTIFY A NEW STAR:

You have observations on RA, DE, PMRA, PMDE of your candidate
star

Supp ose they are:

RA = 170, DE=3.1; PMRA=5.4; PMDE=-2

Compute quadratic classi cation function for group non-Hy ades
and group Hyades

Classify into that group for which this quantit y is larger

lllustration:

NONHY ADES: ; 0:00004 £ (RA)2+ 2 £ 0:00002 £ RA£ DE | 2£
O£ RAEPMRA|] 2£ 0£ RAEL PMDE | 0:00104 £ (DE)2+ 2£ O£
DEE£PMRA| 2£ 0:00002 £ DE£ PMDE | 0:00002 £ (PMRA)2+
2£0£ (PMRA)£ (PMDE)| 0:00002 £ (PMDE)? +0 :01562 £ RA
0:00463 £ DE + 0:00117 £ PMRA j 0:00310 £ PMDE | 19:3477 =
i 17:82946

HYADES: i 0:12213 £ (RA)?| 2£ 0:06303 £ RAEDE | 2£ 0:02544 £
RAEL PMRA | 2£ 0:01927 £ RAE£ PMDE j 0:22389 £ (DE)2i 2£
0:01143 £ DE £ PMRA | 2£ 0:06477 £ DE £ PMDE | 0:00678 £
(PMRA)2{ 2£0:00350 £ (PMRA)£ (PMDE)| 0:02158 £ (PM DE)?
+22 :82360 £ RA + 14:69899 £ DE + 5:05737 £ PM RA + 4:27297 £
PMDE  1107:89539 =  795:08706

Since NonHa ydes value is larger we classify this
star as NonHa ydes.
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Halo of Hyades Stars:

In the NonHy ades stars, there are 35 which are
nearer the Hyades centre (by Mahalanobis dis-
tance) than the NonHy ades centre and hence
they were (mis)classied as Hyades. This Ma-
halanobis distance was computed on the basis
of a common covariance matrix.

The following is a list of those starsjtheir
hip no in the data le, their Mahalanobis dis-
tance from NonHy ades centre, probabilit y it
belongs to NonHy ades, Mahalanobis distance
from Hyades centre, probabilit y it belongs to
Hyades. Notice that the distance from Hyades
IS smaller and hence the probabilit y of belong-
Ing to Hyades is larger.

These stars may be considered to be the halo
of Hyades stars.
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HIP Distance Prob Distance Prob

from NonH from Hyades

641 --> 11.6 0.38 4.4 0.62
1148 --> 12.8 0.35 5.3 0.65
1389 --> 13.9 0.44 7.2 0.56
1871 --> 9.9 0.46 3.4 0.54
1978 --> 9.8 0.49 3.4 051
1987 --> 10.9 0.39 3.8 0.61
2453 --> 16.5 0.25 8.0 0.75
2712 --> 145 0.27 6.3 0.73
2797 --> 17.8 0.25 9.3 0.75
3006 --> 189 0.35 115 0.65
3086 --> 30.9 0.21 22.1 0.79
3267 --> 12.3 0.47 5.8 0.53
3509 --> 14.2 0.33 6.4 0.67
3641 --> 14.8 0.31 7.0 0.69
4041 --> 17.5 0.26 9.2 0.74
4393 --> 10.4 0.44 3.7 0.56
4617 --> 17.6 0.34 10.0 0.66
4900 --> 13.4 0.42 6.5 0.58
5273 --> 17.2 0.28 9.0 0.72
5542 --> 11.1 0.42 4.2 0.58
5684 --> 9.8 0.47 3.3 0.53
6890 --> 10.4 0.46 3.8 0.54
6913 --> 19.7 0.34 12.1 0.66
7670 --> 12.3 0.45 5.6 0.55
7744 --> 18.7 0.44 12.0 0.56
7949 --> 14.2 0.34 6.7 0.66
8582 --> 11.1 0.45 4.4 0.55
8825 --> 254 0.15 15.6 0.85
10778 --> 17.3 0.47 10.8 0.53
11923 --> 14.1 0.37 6.7 0.63
13456 --> 16.8 0.32 9.0 0.68
13785 --> 13.4 0.43 6.6 0.57
15415 --> 14.3 0.49 7.9 051
19454 --> 18.0 0.36 10.6 0.64

21165 --> 15.3 0.43 8.5 0.57



Various plots show the di®erence between the
Hyades stars and their halo. Hyades stars are
plotted in blue and the halo in red. Principal
comp onents are linear combinations of the four
variables which preserve as much of the original
total variation as possible.
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Other App roaches to Discriminant Analysis

1.

Step-wise discriminant analysis:
Variables are added (or removed) one by one de-
pending on their usefulness.

Logistic discriminant (regression) analysis:
A model linear in the (predicto r) variables x is as-
sumed for log #"p, (log of odds ratio) where p and
1 p are the prop ortions in the two groups.

k-Nearest Neighb or classi cation:

Classify a new observation x into that group to
which a majority of k nearest neighb ors (acco rding
to a suitable distance function) belong.

Classi cation (and Regression) tress (CART)

A highly nonpa rametric metho d where a tree is con-
structed with branches determined by values of the
Xi variables and where leaves suggest which group
a X value will be classi ed into.

There are many other statistical and non-statistical
approaches

(a) Neural Networks;

(b) Supp ort Vector Machines (SVM). A hyp erplane
separating the two classes is computed such
that the distance between the closest vector to
the hyp erplane is maximized.
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Concluding Rema rks:

1. Most quantitative problems involve more than one measure-
ment; need multiva riate analysis (MV A).

2. Variables may be of di®erent types|nominal, ordinal, inter-
val, ratio, discrete, continuous.

3. MVA

(a) deals with description of multiva riate data (graphical rep-
resentation; various types of association and correlation);

(b) explores relationships between variables, reduces dimen-
sions, and nds patterns (comp onent analysis, facto r anal-
ysis, structural equation mo delling);

(c) explores relationships between cases (observational units),
‘nds patterns (cluster analysis);

(d) solves classical inferential and decision-theo retic problems

(€)

relating to several variables (estimation, hyp othesis test-
ing, discriminant analysis); normalit y-based theory and
asymptotics generalize comfo rtably;

deals with problems of simultaneous prediction of several
variables (multiva riate regression).
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Useful mo dels and nice metho ds are available mainly for con-
tinuous (based on multiva riate normal) and all nominal (log-
linear).

Classical MV A is based on the multiva riate normal mo del.

Bayesian approaches in the multiva riate case are not so well
develop ed despite improved computing facilities. Even for the
N, case, say, for the 2-group discriminant analysis problem,
even for a simplistic priorffo r ;1 ,;8;planalysis of poste-
rior is very complicated, even with MCMC!

Computations are heavy; great deal of matrix computations
(with symmetric matrices).

Metho ds for non-continuous variables, for mixed type of vari-

ables are not available or messy.
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