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The Method of Maximum Likelihood

R. A. Fisher (1912), “On an absolute crite-
rion for fitting frequency curves,” Messenger
of Math. 41, 155—-160

Fisher's first mathematical paper, written while
a final-year undergraduate in mathematics and
mathematical physics at Cambridge University

It’s not clear what motivated Fisher to study
this subject; perhaps it was the influence of his
tutor, the astronomer F. J. M. Stratton.

Fisher’'s paper started with a criticism of two
methods of curve fitting, least-squares and the
method of moments.



X: a random variable

6 is a parameter

f(x;0): A statistical model for X

X1,...,Xn: A random sample from X

We want to construct good estimators for 6



Protheroe, et al. “Interpretation of cosmic ray
composition - The path length distribution,”
Apd., 247 1981

X: Length of paths
Parameter: 6 >0
Model: The exponential distribution,
f(z;0) =60 texp(—z/0), x>0
Under this model,
oo
E(X)Z/O x f(x;0)de =0
Intuition suggests using X to estimate 6

X is unbiased and consistent



LF for globular clusters in the Milky Way; van
den Bergh's normal model,

1 (z — )2
Ho) = oy P [‘ 202 ]

w. Mean visual absolute magnitude
o. Std. deviation of visual absolute magnitude
X is a good estimator for p

S2 is a good estimator for o2

We seek a method which produces good esti-
mators automatically

Fisher's brilliant idea: The method of maxi-
mum likelihood



Choose a globular cluster at random; what is

the chance that the LF will be exactly -7.1

mag? Exactly -7.2 mag?

For any continuous random variable X,
P(X=¢)=0

Suppose X ~ N(u = —6.9,02 = 1.21)

X has probability density function

1
V21O

flx) =

D2

exD [_ (z — u)2]

P(X =-7.1) =0, but

L o (=7.1+6.9)?
1.1v/27 P 2(1.1)2
= 0.37

f(=7.1)



Interpretation: In one simulation of the ran-
dom variable X, the ‘“likelihood” of observing
the number -7.1 is 0.37

#£(=7.2) =0.28

In one simulation of X, the value x = —7.1 is
32% more likely to be observed than the value
r=—7.2

r = —6.9 is the value which has the greatest
(or maximum) likelihood, for it is where the
probability density function is at its maximum



Return to a general model f(x;0)
Random sample: X1,...,Xn

Recall that the X, are independent random
variables

The joint probability density function of the
sample is

f(x1;0)f(x2;0) - f(xn;0)
Here the variables are the X's, while 6 is fixed

Fisher’s brilliant idea: Reverse the roles of the
z's and 6

Regard the X's as fixed and 6 as the variable



The likelihood function is
L(0; X1,...,Xn) = f(X1,0)f(X2;0) - f(Xn;0)
Simpler notation: L(0)

0, the maximum likelihood estimator of 0, is
the value of 6 where L is maximized

0 is a function of the X's

Caution: The MLE is not always unique.



Example: cosmic ray composition - The
path length distribution ...”

X: Length of paths

Parameter: 6 > 0

Model: The exponential distribution,
F(@:0) =0 texp(—z/0), x>0

Random sample: Xq,...,Xn

Likelihood function:

L) = f(X1,0)f(X2;0) - f(Xn;0)
=0 "exp(—(X1+ -+ Xn)/0)
= 0 " exp(—nX/0)
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To maximize L, we use calculus

It is also equivalent to maximize In L:

INL(O) = —nlIn(0) —nXo~1
d _
—InLO) = —nb 1 4+nXo"2
do
d? 2 on—3

Solve the equation dIn L(#)/d6 = O:

0 =X
Check that d2InL(0)/d6%2 <0 at 0 = X
In L(0) is maximized at § = X

Conclusion: The MLE of is 0 = X
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LF for globular clusters; X ~ N(u,c?)

T — 2
flz; p,0%) = \/21—m exp [—( 2020 ]

Assume that o is known (1.1 mag, say)
Random sample: Xq,...,Xn

Likelihood function:
L(p) = f(X1,w)f(Xo;p) -+ f(Xni 1)

1 n
e (27-(-)—71/20-—?1 exp |:—22 Z (X’l, _ M)Ql
97 =1

Maximize In L using calculus: g =X
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LF for globular clusters; X ~ N(u, o2)

Fip0?) = —— 2e><p[—

2mo

(z — u)2]

D52

Both © and o are unknown

A likelihood function of two variables,

L(,U,, 0-2) — f(le My 0-2) e f(an N)O-Q)

_ 1 1 < 2
~ @ro2yn2 P {_W;(Xi e ]

InL = —gln(27r) _gm(a?) _ Z(X )2

8 1 &
ZinL=—
O 2;

3

INL = — —=

8(52) 2(02)2 Z (Xi = )°
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Solve for u and o2 the simultaneous equations:

ilano,

INL =20
o 0(c?)

We also verify that L is concave at the solu-
tions of these equations (Hessian matrix)

Conclusion: The MLEs are

n
p=X, 32==3(X;-X)?
Ni=1

[ is unbiased: E(n) = u
52 is not unbiased: E(62) = 152 # o2

For this reason, we use %&2 = 52

n_
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Calculus cannot always be used to find MLEs

Example: *... cosmic ray composition ...

Parameter: 6 > 0

exp(—(z—40)), z=2>0

Model: f(x;0) = {O <0
, xr

Random sample: Xq,...,Xn
L(0) = f(X1;0)-- f(Xn;0)

exp(— Y11 (X; —6)), all X; >0
0, otherwise

X(1): The smallest observation in the sample

“all X; > 0" is equivalent to “X(l) > 0"

L(8) = {exp(—n(X =00, 0<Xq
0, otherwise

Conclusion: § = Xq)
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General Properties of the MLE 8

(a) & may not be unbiased. We often can re-
move this bias by multiplying # by a constant.

(b) For many models, 0 is consistent.

(c) The Invariance Property: For many nice
functions ¢, if 8 is the MLE of 6 then ¢(0) is
the MLE of ¢(0).

(d) The Asymptotic Property: For large n, 6
has an approximate normal distribution with
mean 6 and variance 1/B where
) 2
B=nE|—In X;G]
" [ae J(X56)

The asymptotic property can be used to de-
velop confidence intervals for 6
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The method of maximum likelihood works well
when intuition fails and no obvious estimator
can be found.

When an obvious estimator exists the method
of ML often will find it.

The method can be applied to many statistical
problems: regression analysis, analysis of vari-
ance, discriminant analysis, hypothesis testing,
principal components, etc.

17



The ML Method for Linear Regression Analysis

Scatterplot data: (z1,v1),..., (xn,yn)
Basic assumption: The x;'s are non-random

measurements; the y; are observations on Y, a
random variable

Statistical model:
Y, = a+ Bx; + ¢, i=1,...,n

Errors eq,...,en: @ random sample from N (0, o2)
Parameters: «, 3, o2
Y; ~ N(a + Bz;,02): The Y;'s are independent

The Y, are not identically distributed, because
they have differing means

18



The likelihood function is the joint density func-
tion of the observed data, Yi7,...,Y,

i 1 (Y, — o — Bx;)?
L(c, ,02 = exp | —— ’
(o, 8,0%) iljl g &P >
. .
> (Y, —a— Bx;)
= (2702) ™2 exp |- =1
202

Use partial derivatives to maximize L over all
a, 3 and o2 > 0 (Wise advice: Maximize In L)

The ML estimators are:

S (=) —Y) .
S (2 —7)2 it

B =

and

n

. 1 ~ A
62 ==> (Y;— & — Bx;)?

ni—=1
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The ML Method for Testing Hypotheses

X ~ N(u,o2); parameters p and o2

. A N _ (z—p)?
Model: f(x; p,0°) = i exp[ 57 ]
Random sample: Xq,...,Xn

We wish to test Hyp: pu=3 vs. Hg: u# 3

Parameter space: The space of all permissible
values of the parameters
Q={(u,0): —c0o < p < o0,0 >0}

Hgp and Hg represent restrictions on the param-
eters, so we are led to parameter subspaces

wo = {(p,0) 1 p=3,0 >0}
wa:{(u,d):/,b#3,0'>0}
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L(,U,, 0-2) — f(le My 0-2) e f(an N)O-Q)

= {—212 Z(Xz-—m?]
97 =1

exp
(27.‘.0.2)71/2

Maximize L(u,o?) over wg and wq

The likelihood ratio test statistic is

L 2 max L(3, o2
)\_ngdgx (u,0%)  ma (3,0%)
" max L 2) " max L(u, o2
max (1, 0%) max (1, 0%)

Fact: 0< )\ <1

L(3,02) is maximized over wq at

n

Y (X —3)?

1=1

S|

0'2:

21



rrguz(a)xL(?;,aQ): ( %fj —3))

n n/2
lzwezn 1 (X —3)2]

L(u,0?) is maximized over w, at

22



The likelihood ratio test statistic:

n/2 n/2
N n . n
Lwe f: (X; — 3)2] Lwe f: (X; — )_()2]

=1 =1

n n n/2
{Z (X; — X)) = Y (X - 3)2]
=1 1=1

)\ is close to 1 iff X is close to 3

A\ is close to 0 iff X is far from 3

This particular LRT statistic X\ is equivalent to
the t-statistic seen earlier

In this case, the ML method discovers the ob-
vious test statistic
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Given two unbiased estimators, we prefer the
one with smaller variance

In our quest for unbiased estimators with min-
imum possible variance, we need to know how
small their variances can be

Parameter: 6
X: Random variable with model f(x;0)
The “support” of f is the region where f > 0

We assume that the “support” of f does not
depend on 6

Random sample: X1,...,Xn
Y: An unbiased estimator of 0

The Cramér-Rao Inequality: The smallest pos-
sible value that Var(Y') can attain is 1/B where

%, N 52 |
B =nE [%m FX: 9)] — _nE [@m FX: 9)]
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Example: *... cosmic ray composition - The
path length distribution ...”

X: Length of paths
Parameter: 6 > 0

Model: f(z:6) =60 lexp(—z/0), x>0

Inf(X;0)= —Inf—0"1X
02 2 -3

2 . _2 _3
= 072 — 20 3E(X)
— 9 2_2039
= — 9_2

The smallest possible value of Var(Y) is 62/n

This is attained by X. For this problem, X is

the best unbiased estimator of 0
25



Y: An unbiased estimator of a parameter 60

We compare Var(Y') with 1/B, the lower bound
in the Cramér-Rao inequality:

1

— = Var(Y

-+ Var(Y)
This number is called the efficiency of Y
Obviously, 0 < efficiency <1
If Y has 50% efficiency then about 1/0.5 =2
times as many sample observations are needed
for Y to perform as well as the MVVUE.
The use of Y result in confidence intervals
which generally are longer than those arising
from the MVVUE.
If the MLE is unbiased then as n becomes

large, its efficiency increases to 1.
26



The Cramér-Rao inequality states that if Y is
any unbiased estimator of 0 then

1

Var(Y) >
nE [% In f(X; 9)}2

The Heisenberg uncertainty principle is known
to be a consequence of the Cramér-Rao in-
equality.

Dembo, Cover, and Thomas (1991) provide a
unified treatment of the Cramér-Rao inequal-
ity, the Heisenberg uncertainty principle, en-
tropy inequalities, Fisher information, and many
other inequalities in statistics, mathematics,
information theory, and physics. This remark-
able paper demonstrates that there is a basic
oneness among these various fields.

Reference

Dembo, Cover, and Thomas (1991), “Information-theoretic in-
equalities,” IEEE Trans. Information Theory 37, 1501-1518.
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The Bayesian Information Criterion

Suppose that we have two competing statisti-
cal models

We can fit these models using residual sums of
squares, the method of moments, the method
of maximum likelihood, ...

The choice of model cannot be assessed en-
tirely by these methods

By increasing the number of parameters, we
can always reduce the residual sums of squares

Polynomial regression: By increasing the num-
ber of terms, we can reduce the residual sum
of squares

28



More complicated models generally will have
lower residual errors

A standard approach to hypothesis testing for
large data sets is to use the Bayesian informa-
tion criterion (BIC).

The BIC penalizes models with greater num-
bers of free parameters

Two competing models:
fi(x;01,...,0m,) and fo(x; ¢1,. .., Pmy)

Random sample: X1,...,Xn

Likelihood functions:
L1(01,...,0my) and Lo(¢1,...,0m,)

Bayesian Information Criterion:

Ll(ela R eml)
L2(§b1, ety ¢m2)

The BIC balances any improvement in the like-
lihood with the number of model parameters
used to achieve that improvement

BIC = 2In —(m1—mo)Inn

29



Calculate all MLEs 6§; and ¢,

Compute the estimated BIC:

Ll(é\l, o o .,é\ml)

BIC = 21In = =
LQ(QS].) ety quQ)

— (m1 —m2)|ﬂn

General rules:

BIC < 2: Weak evidence that Model 1 is su-
perior to Model 2

2 < BIC < 6: Moderate evidence that Model 1
is superior to Model 2

6 < BIC < 10: Strong evidence that Model 1
IS superior to Model 2

BIC > 10: Very strong evidence that Model 1
IS superior to Model 2

30



Exercise: Two competing models for globular
cluster LF in the Galaxy

1. A Gaussian model (van den Bergh, 1985)

T — 2
f(:c;u,a)=\/21—m exp [—( 20’;) ]

2. A t-distn. model (Secker 1992, AJ 104)

r(otl N2 —otl

g(z; p,0,6) = - )5 < g) ] 2
Vrdol(5) oo

—oco < up<oo,0>0,0>0

&

In each model, p is the mean and o2 is the
variance. In Model 2, ¢ is a shape parameter.

Maximum likelihood calculations suggest that
Model 1 is inferior to Model 2.

Question: Is the increase in likelihood due to
larger number of parameters?

This question can be studied using the BIC.
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We use the data of Secker (1992), Table 1

We assume that the data constitute a random sample

TABLE 1. Milky Way sample.

My Rge Ep_v Name My Rge FEp_v Name
175 26,74 0.06 AM4 -7.37 3.50 0.42 N6T12
2328 26.28 0.02 Pall3 -7.38 5.62 0.10 NB652
-3.86  B8.62 0.30 E3 -7.42 4.01 0.08 NBB09
.3.88  2.76 0.31 E4528C -7.43 4.97 1.05 NB553
-4.08 1493 0.02 Fali2 -7.45 3539 0.05 NTOOE
-4.30 2.81 012 Ne4896 =748 24.49 0.10 NS6G94
-4.54 T.19 0.34 Pal1l -7.52 5.35 0.05 NGT52
-4.91 1603 0.03 Pals -7.55 1391 0.27 104498
-5.20 B.74 0.26 N6838 -T.57 17.11 0.00 N1261
-5.24 5.14 0.30 Palg -7.64 6.97 0.45 N4372
-5.28 2089 0.11 Arpl -T.64 7.01 0.02 NT0S9
-5.52 23.35 0.01 N7492 -7.65 5.26 0.62 N&760
-5.57  35.84 0.40 Pal1s -7T.65 2078 0.05 N5634
-6.87 12.31 0.02 N4147 -T.70 6.27 0.27 Ne284
-5.89 2.99 0.37 N6642 -7.77 217 0.7 N6293
-5.89  3.89 0.33 N6535 -7.77 9.84 0.03 N4580
-6.04 4.79 0.65 N6366 -7.79 2.85 0.74 N6139
-6.07  2.42 0.80 N6256 -T.85 2.86 0.22 N&093
-6.14 1512 0.15 N2298 -T.85 18.59 0.01 N18904
-6.16 555 0.73 NE544 -7.86 3.20 0.38 N6273
6,20 3.62 0.25 N6352 -7.86 9.18 0.04 N362
-6.24 2.04 0.62 MNes28 -7.88 2.50 0.03 MN6T23
-6.32 1218 0.37 N6426 -7.97 2816 0.01 N6229
-6.41 2221 0.10 Rpl06 -7.98 2.05 0.32 WE333
645 2.11 0.86 N6325 -7.00 .74 0.56 N5946
-6.48 6.85 0.32 N4833 -8.02 2.57 0.37 N6626
-6.49 1133 0.03 N188 -B.04 9.40 0.02 NE341
-6.53  5.04 0.08 N6362 -8.14 11.71 0.16 MNess4
-6.54 2,01 0.40 N&342 -8.19 4.38 0.21 N&218
-6.66 232 0.20 NeT17 -8,20 7.27 0.24 N5286
-6.68  4.58 0.43 Nsoz7T 823 1597 0.02 M1851
-6.76  3.50 0.33 N6171 -8.24 4.76 0.25 N5086
-6.80 278 0.61 NE453 -8.27 227 0.12 N&541
6891 16.66 0.00 N5466 -8.20 1851 0.14 MNEBZ4
-6.93  11.40 0.04 NE101 -8.35 5.06 0.35 NE656
-685  3.03 0.35 MNE144 -8.40 8.22 0.03 N&205
-6.95  12.39 0.03 N6981 -8.59 7.53 0.30 NG35E
-6.96  6.61 0.10 NSBIT -8.60 3.40 0.87 NE539
-6.97 2.79 0.52 N304 565 11.68 0.00 N5272
-7.03 2.25 0.38 ME235 -8.70 18.13 0.00 N5024
-T.04 608 0,18 Ne3aT -8.73 6.12 0.03 N5904
-T.08  16.56 0.02 N5053 -8.80 4,32 0.48 N6316
-TAT 882 0.21 N3201 -8.82 1041 0.02 NT089
=718 304 1.09 MNes17 -9.04 10,17 0.10 NTOTE
719 9.29 0.21 NETTS -9.08 4.18 0.58 NG402
-7.26  11.87 0.11 N6934 -9.24 7.34 0.04 MN104
727 613 0.36 N6121 -9.25  10.85 0.22 N2808
-7.31 4.00 0.10 NG584 -9.33  13.13 0.14 NET1S
-7.34 4.58 0.25 N6254 -9.34 3.08 0.35 NE3IBE
737 346 0.05 N6651 -10.28  6.34 011 N5139
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F1g. 1. Maximum-likelihood estimates for the Galactic
GCLF expressed as contour plots in a two-dimensional
parameter space, for the three distribution functions be-
ing considered. The most probable values for the param-
eters are given in the top left corner of the plot. The
contours represent, from inner to outer, the 0.5, 1.0, 1.5,
2.0, 2.5, and 3.0 standard deviation probability limits on
the maximum-likelihood parameter estimates.
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Model 1: Write down the likelihood function,

Li(p,0) = f(X1ip,0) - f(Xn;p,0)

1 1 5
(2r02)"2 " {_%2 T ]

Estimate p with X, the ML estimator. Also,
estimate o2 with S2, a constant multiple of the
ML estimator of o2.

Note that

L1(X,S) - P - f:(Xq;—X')Q]

~(2rs2yn/2 P | T2as2 &
=(2752) "2 exp(—(n — 1)/2)

Calculate  and 52, the sample mean and vari-
ance of the Milky Way data. Use these values
to calculate Lq(z, s)

Secker (1992, p. 1476): InLq(x,s) = —176.4
33



Model 2: Write down the likelihood function,
Lo(p,0,0) =g(X1;,1,0) -+ g(Xn; p,0)

n |—(5—|2—1)
i—1 7T50'|_(%)

(Xi —p)?) =%

52

e

Are the MLEs of u, 02,8 unique?

No explicit formulas for the MLEs are known;
we must evaluate them numerically

Substitute the Milky Way data for the X;’s in
the formula for L, and maximize L numerically.

Secker (1992): o= —7.31, 6 = 1.03, § = 3.55
Calculate L»(—7.31,1.03,3.55)

Secker (1992, p. 1476):
In L»(—7.31,1.03,3.55) = —173.0

34



Finally, calculate the estimated BIC:
L1(Z,s)
L>(—7.31,1.03,3.55)
where m1 =2, mo = 3, n = 100

BIC = 21In —(mq1—m»)Inn

BIC = 2[In L1(Z,s) — In L»(—7.31,1.03,3.55)]
-+ In 100
= 2[-176.4 — (—173.0)] + In 100
= —272

Apply the General Rules on p. 30 to assess the
strength of the evidence that Model 1 may be
superior to Model 2.

Since BIC < 2, we have very strong evidence
that the t-distribution model is superior to the
Gaussian distribution Model.

We reject the null hypothesis that the t-distribution
model for GCLF is superior to the Gaussian
model.
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Concluding general remarks on the BIC

The BIC procedure is consistent: If Model 1 is
the true model then, as n — oo, the BIC will
determine that it is.

Not all information criteria are consistent.

The BIC is not a panacea; some authors rec-
ommend that it be used in conjunction with
other information criteria.

There are also difficulties with the BIC

Findley (1991, Ann. Inst. Statist. Math.)
studied the performance of the BIC for com-
paring two models with different numbers of
parameters: “Suppose that the log-likelihood-
ratio sequence of two models with different
numbers of estimated parameters is bounded
in probability. Then the BIC will, with asymp-
totic probability 1, select the model having
fewer parameters.”
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